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1. Introduction. 

1.1. In HI N. Reshetikhin and the second author introduced new Poisson algebras 
W q (o), which are g-deformations of the classical W-algebras. The Poisson algebra 
Wq(g) is by definition the center of the quantized universal enveloping algebra U q (g L ) 
at the critical level, where g L is the Langlands dual Lie algebra to g. It was shown 
in that the Wakimoto realization of U q (g L ) constructed in |2| provides a homo- 
morphism from the center of U q (g L ) to a Heisenberg-Poisson algebra Ti q (g). This 
homomorphism can be viewed as a free field realization of W g (fl). When q = 1, it 
becomes the well-known Miura transformation ||. In [T| explicit formulas for this 
free field realization were given. The structure of these formulas is the same as that 
of the formulas for the spectra of transfer-matrices in integrable quantum spin chains 
obtained by the Bethe ansatz method This is not surprising given that these 
spectra can actually be computed using the center of U q (g L ) at the critical level and 
the Wakimoto realization. For the Gaudin models, which correspond to the q = 1 
case, this was explained in detail in |J. 

1.2. The Poisson algebra Wq(s[ 2 ) is a g-deformation of the classical Virasoro alge- 
bra. It has generators t n ,n G Z, and relations |lj 

1 — q l 

(1-1) \tn->t m } — — hy, i — ; — jtn-itm+i — h(q n — q ")<L_ TO , 

l& 1 + 1 

where h = logg. The Heisenberg-Poisson algebra ^(sfe) has generators X n ,n e Z, 
and relations 

1 - q n 

(1-2) {A n , A m } = — h- — ■ — -S n m . 

1 + q n 

Let us form the generating series 

t(z) = J2t n z- n . 
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A( z ) = q V2 exp l_J2x n z 



1 



2 



BORIS FEIGIN AND EDWARD FRENKEL 



The free field realization homomorphism is given by 

(1.3) t(z) — > A(zq 1/2 ) + A(zq- 1/2 )-\ 

As shown in 0, in the limit q — > 1, the algebra W^s^) becomes isomorphic to the 
classical Virasoro algebra while formula (1.3) becomes the Miura transformation. 

In || J. Shiraishi, H. Kubo, H. Awata, and S. Odake quantized formulas (1.1), 
(1.2), and (1.3). They constructed a non-commutative algebra depending on two 
parameters q and p, such that when q — pit becomes commutative, and is isomorphic 
to the Poisson algebra W g (s[ 2 ). Let us denote this algebra by W g!P (s[ 2 )- Shiraishi, 
e.a., constructed a free field realization of Wq^is^), i.e. a homomorphism into a 
Heisenberg algebra Hq^ish), which has the same form as (1.3). They also constructed 
the screening currents, i.e. operators acting on the Fock representations of TLq^sh), 
which commute with the action of Wg^sfe) up to a total difference. They showed 
that if one fixes (3 G C and sets p = q 1 ' 13 , then in the limit q — > 1 the algebra Wg^sfe) 
becomes isomorphic to the Virasoro algebra with central charge 1 — 6(1 — (3) 2 / 1 (3 pi. 

The work of Shiraishi, e.a. was motivated by their bosonization formula for the 
Macdonald symmetric functions J7|. The paper reveals a remarkable connection 
between the algebra W^s^) and Macdonald's functions corresponding to rectangu- 
lar Young diagrams: those turn out to coincide with singular vectors of Wq^s^) in 
its bosonic Fock representations. 

1.3. The goal of the present work is to generalize the results of Shiraishi, e.a., to the 
case of the g-deformed W-algebras, and to point out some intriguing elliptic struc- 
tures arising in these algebras. Namely, we construct an algebra Wq^sljv) depending 
on q and p, such that when q = p it becomes isomorphic to the g-deformed classical 
W-algebra W q (s In) from |]J. We also construct, along the lines of |TJ and 0, a 
free field realization of W^^sl^r), which is a deformation of the free field realization 
from jjj], and the screening currents. One can observe many similarities between the 
algebra W 9iP (.s[/v) and the ordinary >V-algebra of sIn constructed by V. Fateev and 
S. Lukyanov [|8] (see also 0), which can be recovered from W qp (sl]sr) in the limit 

The algebra W giP (s[jv) is topologically generated by Fourier coefficients of currents 
Ti(z), . . . ,T N _i(z). The free field realization of W 9iP (s[jv) is defined by the formula 

(1.4) - Ti(z)D^S[ 1 + T 2 (z)D^ 2 -... + (-lf-'T^^D^ + (-1) N = 

: (Dp-i - A 1 (z))(D„- 1 - A 2 (zp)) . . . (Dp-i - A^zp"- 1 )) :, 

where Ai(z),i = 1, . . . , N, are generating series of a Heisenberg algebra, and [D p -i ■ 
f](x) = fixp' 1 ). In the limit q — > 1 this formula becomes the normally ordered 
Miura transformation from ||. 
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The screening currents Sf(z) are solutions of the difference equations: 

D q Sf(z) =p- 1 : h l+l {z P ^)Hz P ^)- l Sl{z) :, 

D p/q S~(z) =p- 1 : k l+l {zp l ' 2 )Hzp l l 2 )- l S7(z) : . 

Using formula (1.4) one can check that they commute with the currents Ti{z) up 
to a total difference. This implies that their residues acting between bosonic Fock 
representations commute with the action of W^stjv). 

Using these operators one can construct singular vectors in the Fock representations 
of Wq iP (s[ 2 ). These singular vectors should give the Macdonald symmetric functions 
corresponding to Young diagrams with N — 1 rectangles as was pointed out in pL 

1.4. An interesting aspect of the algebras W^sIat) is the appearance of elliptic 
functions in their definition and free field realization. 

In particular, we show that the series Ai(z),i = 1, . . . , N, satisfy, in the analytic 
continuation sense, the following relations: 

(1.5) A^Ajiw) = ip N (^) Aj(w)Ai(z), 
where 

_ 6 p N(xp)e p N(xq- 1 )e p N(xp- 1 q) 

^ N{x) ~ e pN (xp^)e pN ( xq )e pN (xpq~ i y 

and 9 a (x) stands for the ^-function with the multiplicative period a. These relations 
entail similar relations for the currents Ti(z). 

The function <pn(x) can be characterized by the properties that it is an elliptic 
function, which has three zeroes u±, u 2 , u 3 , three poles —Ui, —u 2 , —u 3 , and one of the 
poles is equal to 1/N of the period. These properties imply that the function ip^ix) 
satisfies the functional equation 

<f N (x)(p N (xp) . . . ip N (xp N ~ l ) = 1. 

We also show that the screening currents S^(z),i = 1, . . . ,N — 1 satisfy, in the 
analytic continuation sense, the following relations: 

(1.6) St(z)S+(w) = (-l)^" 1 - —f z (s+(w)St(z) 



W 



where (Ay) is the Cartan matrix. The screening currents S~(z),i = 1, . . . ,N — 1, 
satisfy the same relations with q replaced by p/q and (3 relaced by 1/(3. Moreover, 
we show that the screening currents involved in the Wakimoto realization of U q (slN) 
[fj] also obey similar relations. 

These elliptic relations define algebras, which are closely related to the elliptic al- 
gebras introduced by A. Odesskii and the first author in fL0| . Such an algebra U qtP (xi) 
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can be viewed as an elliptic deformation of the quantized universal enveloping algebra 
U q (ti) (where n is the loop algebra of the nilpotent subalgebra n of g), introduced by 
V. Drinfeld [Tl|. According to ||10|| , the elliptic relations of the type (1.6) imply that 
the screening currents satisfy certain elliptic analogues of the quantum Serre relations 
from U q (vi). We will study these relations in more detail in the next paper. We recall 



that the ordinary screening charges satisfy the ordinary quantum Serre relations ||T2 
see also fl%fl . 

In this work we concentrate on the W-algebras associated to sIn- In it was 
shown how to construct the Poisson algebra W«j(g) and its free field realization for gen- 
eral simple Lie algebra g. We expect that our results on the quantization of W q (slN) 
can be similarly generalized. At the end of the paper we define the Heisenberg algebra 
T~tq,p{B) an d the screening currents corresponding to the general simply-laced simple 
Lie algebra g. We then define the algebra yV qtP (g) as the commutant of the screening 
charges in TC q , p (g). We hope that the homological methods that we used in the study 
of the ordinary W-algebras JTB] can be applied to these quantum W-algebras. 



The ordinary W-algebras can be obtained by the quantum Drinfeld- Sokolov re- 
duction from the affine algebras. We expect that the quantum W-algebras can be 
obtained by an analogous reduction from the quantum affine algebras. 

1.5. The paper is organized as follows. In Sect. 2 we recall the results of |1| on 
the Poisson algebras W^st^). In Sect. 3 we recall the results of on the algebra 
Wq,p($h)- We define the algebras W^st^y) in Sect. 4, and their screening currents in 
Sect. 5. In Sect. 6 we derive relations in the algebra Wj^sItv). In Sect. 7 we present 
these relations in elliptic form. Finally, in Sect. 8 we derive the elliptic relations 
obeyed by the screening currents of W qiP (g) and U q (g). 

2. Poisson algebras W q (sl N ). 

In this section we recall results of 0. Let us first introduce the Heisenberg-Poisson 
algebra ^(sL^r). It has generators Oj[n], i = 1, . . . , N — 1; n G Z, and relations 



J n,—mi 



(2.1) R[n],a>]} = h(q nA ^ 2 -q- nA ^ 2 )5 n 
where (Ay) is the Cartan matrix of sIn- 

Remark 1. The parameter q that we use in this paper corresponds to q 2 in |TJ]. The 
algebra W q (g) corresponds to Wh/2(o) i n the notation of 0. □ 

Define now new generators Aj[n], % = 1, . . . ,i\f;neZ, according to the formula 

Xi[n] - X i+ i[n] = q ni/2 ai[n], i = 1, . . . , JV - 1; n G Z, 

N 

(2.2) £g (1 - <)B A i [n] = 0. 



i=l 
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From these formulas we derive the Poisson brackets (see UTI) 



(2.3) {Kin}, Mm}} = ~h K - " * * % 



(1 -q n )(l - q< N - 1 )) 
1 - q r 

(2.4) {Ai[n], \j[m]} = h^^q~ n 5„ i < j. 
Introduce the generating functions 

(2.5) Hz) = tf-W+Wexp t- E Um\z 

From (2.3) and (2.4) we find: 
(2.6) 

'w\ m {l-q m ){l-q m{N - l) ) 

mez 



{H*)Mw)) = -h\ E (-) ( q (_ 1 ~ ] 

(2.7) 



if i < j. 

Now let us define generating functions ti(z),i = 0, . . . ,N, whose coefficients lie in 
Hq(slN)- t (z) = 1, and 

(2.8) U{z) = E ^)K(zq) ■ ..Aj^zq^A^zr 1 ), 

i / • - k: -v 

i = l,... , A r . Formula (2.2) implies that 

t N (z) = A 1 (z)A 2 (zq) . . . A N (zq N ~ 1 ) = 1. 
Formula (2.8) can be rewritten succinctly as follows: 

(2.9) - t 1 {z)Dp 1 + t 2 (z)D^ 2 - . . . + {-l) N -H N ^{z)D q ^ + (-1)* = 

(D ff -i - Ai^))^-! - A 2 (zg)) . . . (D g -i - Ajv(V -1 )), 
where _D a stands for the a-difference operator: 

(D a -f)(x) = f(xa). 

In the limit q — > 1 we have: Aj(z) = 1 — hxi{z) + o(/i) and D q -i = 1 — hd z + o(/t), 
where h = logg. Hence the right hand side of (2.9) becomes in this limit 

(-l) N h N (d z - X i(z))(d z - X2 (z)) ...{d z - X n{z)) + o(h N ), 
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and we obtain the standard Miura transformation corresponding to the classical W- 
algebra W(sIn), see e.g. 0. This shows that the generators of W(sljv) can be 
recovered as certain linear combinations of to(z), . . . , tN-i(z) and their derivatives in 
the limit q —*■ 1. 

The coefficients of the series ti(z), i — 1, . . . , N — 1, generate a Poisson subalgebra 
WgfstTv) of Hq(sl]sr). The relations between them are as follows (see JIJ): 



meZ 



z y 1 — q T 



+ h J2 S [ — ) U-r{w)t j+r (z) 



r=l 

„j—i-\-r ' 



-hY^s \—^- z — J ti_ r (^)t j+r (w) : 

if i < j and z + j < N; and 

ti{z)tj{w) 



r / \ , N , , U fwq^ (l-g im )(l-g r ' 



[meZ 

+ ^ Z 5 ( — ) *i-r(w)t j+r (z) 

^-J fwq j ' i+r \ 
~ h Z M ti_ r (z)t i+r (iy), 



r=l 

if i < J and i + j > N. 



Remark 2. It is natural to define the Poisson algebra ~W q {s[ 00 ) with generators ti(z) 
i > 1, and relations 



r=0 \ ZC t J 



i ( wq j ~ i+r \ 

hJ2 S [ ti-r(z)tj+r(w), i < j. 

r=0 V Z ) 



□ 



3. The algebra W g)P (sfc). 

In this section we recall the results of Shiraishi-Kubo-Awata-Odake || on the 
quantum deformation of W^s^)- However, some of our notation will be different 
from theirs. 
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Let h, (5 be two complex numbers, such that neither h nor h/3 belongs to 27riQ. Set 
q = e h and p = e h( - 1_/3 \ We will use this notation throughout the paper. 

Let T~C' qp (sl2) be the Heisenberg algebra with generators A[n],n G Z, and relations: 

(3.1) [A M ,A[ n ,]] = -l( 1 -^( 1 -^< 



n,— va- 



Ill the limit /3 — > 0, in which p q we can recover the Poisson bracket (1.2) as the 
/3-linear term of the bracket (3.1). 

For fi G C, let ir^ be the Fock representation of the algebra Ti. qp (sl2), which is 
generated by a vector v^, such that Afn]^ = 0, n > 0, and A[0]f M = fiv^. 

Let 

H q>p (sl 2 ) = Urn H' q)P (sl 2 )/I n , n>0, 

where I n is the left ideal of Ti' p {s\^) generated by all polynomials in X[m],m > 0, 
of degrees greater than or equal to n (degA[m] = m). By definition, the action of 
^q,p{ s h) on the modules tt^ is well-defined. 
Introduce the generating function 

A(z) = p- 1/2 q- x[0] : exp ( - £ \\m\z~ 

\ m^O 

where columns stand for the standard normal ordering. Now define the power series 
T(z) = J2m£zT[m]z~ m by the formula 

(3.2) T(z) =: A(zp 1/2 ) : + : K(zp~ l/2 y l : . 

The coefficients T[n] of the power series T(z) belong to TC q , p (sl2)- They satisfy the 
following relations @: 



(3.3) J2 fi ( T l n ~ l \T[rn + 1}- T[m - l]T[n + I]) 

1=0 



1 — p 

where /j's are given by the generating function 
(3.4, f (x) = t^=^(t- (l - rKl - {P/qr) ^ 



1=0 \m=l 



m 1 +p n 



In the limit q — > 1, formulas (3.2) and (3.3) become formulas (1.3) and (1.1), 
respectively. 
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Introduce an additional operator Q, such that [A[n],Q] = (38 n<0 . The operator 
e a ®,a G C, acts from 7r M to n^ +af s by sending v p to v p+a p. In Q two screening 
currents were constructed: 

(3.5) S + {z) = e Q z s+[0] : exp I ]T s + [m} Z - 

-Q//3 r - S -[0] . pYri | _ \^ S -[ m l 2 " m 



(3.6) S-(^) = e- Q//3 ^ [0] :exp - £ 



m^O 



where 



1 + v m 

s + H= ^ AM, m^0,s+[0] = 2A[0], 
1 + p m 

s~M= (g/p/.^ N' m ^°> s-[0] = 2A[0]//3. 

The Fourier coefficients of 5* + (z) act from 71^ to 71^+0, and the Fourier coefficients of 
S~(z) act from 7r M to 7r M _i. 
They satisfy 0: 

[TH S + M] = T> q C+(w), [T[n],S-(w)} = V p/q C^(w), 

where C^(w) are certain operator-valued power series, and 

f{x) - f(xa) 



[V a -f)(x) 



x(l — a) 



This implies that T[n],n G Z, commute with the screening charges / S (z)dz, when- 
ever they are well-defined |J. In the limit q — > 1, those become the two screening 
charges of the Virasoro algebra. 

4. The algebra W qtP (sl N ). 

4.1. Heisenberg algebra. Let Tl' JsIn) be the Heisenberg algebra with generators 
dj[n], i = 1, . . . , iV — 1; n G Z, and relations 

1 (1 - gn)(p*W2 - p-^»/2)(l - (g/g)n) 

(4.1) [OtlnJ,Oj[mJJ = <V_ OT , 

This formula was guessed from the commutation relations (3.1) in the case of s^, 
which follow from |J, and from the condition that in the limit /3 — > the /^-linear 
term should give us the Poisson bracket (2.1). 

For each weight fi of the Cartan subalgebra of sIn, let 7r M be the Fock representation 
of TC'(sIn) generated by a vector v^, such that ai[n]v p = 0, n > 0, and aj[0]t> M = 
li{p%)v p , where a 4 v is the ith coroot of sl^. 

Let W 9iP (s[jv) be the completion of H'(sIn) defined in the same way as in the case 
of SI2, see Sect. [3|. The algebra T~Cq tP (slN) acts on the modules 7r M . 
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Introduce new generators Aj[n] of TCg^sl^) by the formulas 

(4.2) \ i [n}-\ l+l [n]=p ni l 2 a l [nl i = 1, . . . , TV - 1; n e Z, 

AT 

(4.3) £P (1 " i)nA iW = 0. 

i=i 

From these formulas and (4.1) we derive the commutation relations between them: 

IHnUAH = _i (i-^)(i-^)(i-(p/^) ^, 



(4.5) 



[Ai[n], Aj[m]] = — n 5 n ,. m , % < j. 



Let us introduce the power series 



(4.6) Hz) = pMN+D^-MQ] : exp I - £ A,[' 



m L2 



We can compute the operator product expansions (OPEs) of these power series 
using the following lemma. Introduce the notation 

k oo 

(x\ai, ... ,«fc;t)oo = niI( 1 " a i* n )- 

i=l n=0 

Lemma 1. Zet o[n],n e Z, and c[n],7i G Z, satisfy commutation relations: 



1 



fe 



where \t\ < 1. Then for \z\ > max{|o!j|, |iu| t/ie composition 



ho 



: exp £ b[n]z n :: exp £ c[n]z~ 

acting on each module 7r M exists and is equal to 
'w , 



— |ai, . . . ,a k 

| : exp ( J2 b[n]z~ n I exp I £ c[n]^" ] : . 

-|/9i,...,A \»ez / \nei 

Z J oo 
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Proof. Direct computation based on formula 

exp — > — = 1 — x. 

□ 

Let us assume that \p\ < 1 and \z\ 3> \w\; more precisely, it suffices that \z\ > 
\w\pq~ 1 , and \z\ > \z\q. Then we find from formula (4.4) and Lemma [I]: 

W li AT— 1 N — 1 N 

— \l,p,p q,p ' q ,p 
(4.7) A i (z)A t (w) = ±?L : A^A^w) 

— \q,pq~ 1 ,p N ~ 1 ,p N ;p N 

In the same way we obtain: 
(4.8) 

W \ -1 -1 N 

— \qp \q \p;p iy 
Ai(*)A» = -)| ^ : A^A^w) i < j, 



(4.9) 



— Ip^ x q,p N q 1 ,p N+1 ;p N 

z 



A,(z)A» = ^ : A^Ajiw) :, z > j, 

(-\p N - 1 ,p N q,p N + 1 q- 1 ;p N ) 

\Z J oo 

when |z| 3> 

Remark 3. When |p| < 1, the functions appearing in the right hand side of formulas 
(4.7)— (4.9) are power series inw/z, whose coefficients are rational functions in p. □ 

4.2. Definition of the quantum W— algebra. Now we define generating functions 
Ti(z),i = 0, . . . ,N, whose coefficients lie in W 9 (stjv): T (z) = 1, and 

(4.10) T t (z) = £ : A n (z)A n (zp) . . . A^zp^A^zp^ 1 ) :, 

i j k: N 

% = 1, . . . , JV. Formula (4.3) implies that 

7V(*) =: Ai(z)A 2 (zp) . . . A^^" 1 ) := 1. 
Formula (4.10) can be rewritten as follows: 

(4.11) Dp-i - T x {z)D^ + T 2 (z)D^ 2 -... + {-lf- l T N ^(z)D p -, + {-if = 

: {D p -i - A 1 {z)){D p - 1 - A 2 (zp)) . . . {D p -i - A^zp^ 1 )) : . 

Formulas (4.10) and (4.11) are quantum deformations of formulas (2.8) and (2.9)- 
(2.9). 
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We define the algebra W gi p(sljv) as the subalgebra of W g (stjv) generated by the 
Fourier coefficients of the power series Ti(z),i = 1, . . . ,N — 1, given by formula 
(4.10). It is clear from the definition that in the limit (3 — > 0, i.e. p q, the algebra 
Wq, P (slN) becomes the Poisson algebra W^sIat) defined in |T], see Sect. §. 

Remark 4. The currents A(z) and T(z) that were used in the definition of W giP (s[ 2 ) 
in Sect. |3] correspond to Ai(z) and ^(zp 1 ^ 2 ), respectively. □ 

Let us fix (3 and consider the limit q — > 1 with p = q 1 ' 13 . Then we have: Ai(z) = 
1 — hXi( z ) + °{h) and -D p -i = 1 — h{l — /3)<9 Z + o(/i), where h = logg. Hence the right 
hand side of (4.11) becomes in this limit 

(-1) N h N ((1 - (3)d z - X i(z))((l - 0)d. - X 2(z)) ... ((1 - (3)d z - xn(z)) + o(h N ), 
and we obtain the normally ordered Miura transformation corresponding to the W- 



algebra of sIn, introduced by Fateev and Lukyanov Hj. In the notation of [18|, this 



algebra is W ^(sl N ) with central charge (N — 1) — N(N + 1)(1 - (3) 2 /(3. Thus, 
in the limit q — > 1, the algebra W 9iP (s Ijv) becomes isomorphic to W^(sljv)- The 
generating currents of yV^(sLv) can be recovered as certain linear combinations of 
T (z), . . . , Tjsr-x(z) and their derivatives in the limit q — > 1. 

5. Screening currents for W qjP (sl N ). 

Introduce operators Qi,i = 1, ... ,N— 1, which satisfy commutation relations 
[dj[n], Q,-] = AijP5 n fl. The operators e Qi act from 7r M to 71"^+^. 
Now we can define the screening currents as the generating functions 

(5.1) S+(z) = e Q ^z^ [0] : exp £ sj 



fm)z" m 



(5.2) Sr(z) = e - Q ^ /p z- s ' [0] : exp - £ s t " 
where 

(5.3) a +[ m] = _^l_ m ^ , ^[0] = o i [0], 

(5.4) 8rH = " ( g /p) [ "-l ' m ^°' s . r [0] = fli[0]//3 

(compare with (3.5) and (3.6)). 
Let 

( r ).- r )) Ai(z) = q~ a[0] : exp ( - Oi[m]z~ 
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Then we have: 

(5.6) 

and 

(5.7) 



A t {z) =: St(z)S?(zq) 



-i 



Ai(z) =: S { (z)S i (zp/q) 



-i 



Formulas (5.6) and (5.7) show that the screening currents are solutions of the 
following difference equations: 

D q Sf{z) =: M^Sfiz) :, 
D p/q S-{z) =: Mzy'Sriz):. 

In the limit q — > 1 they become the differential equations defining the ordinary 
screening currents. 

We also have from (4.2): 

(5.8) A(z) = p : A i (zp i/2 )A i+1 (zp i/2 y 1 : . 

Theorem 1. The screening currents commute with the algebra W^sl^r) up to a 
total difference. More precisely, for any A e W q:P (sl]y) we have: 

[A, Sf(w)} = V q C+(w), [A, Sr(w)} = V p/q C-{w), 

where C ± {w) are certain operator-valued power series, and 

f(x) - f(xa) 



Paf](x) 



x(l — a) 



Proof. Let us consider the case of the screening currents S^(z); the case of S~(z) 
can be treated in the same way. 

Consider the difference operator (4.11). We want to prove that each term of this 
operator has the property that all of its Fourier coefficients commutes with S^(z) up 



to a total Dg-difference. 



From formulas (5.3), (4.2), (4.4), (4.5) we obtain the following commutation rela- 
tions: 

MnU+Hl = V (i/2 - 1} (l - (p/q) n )^-m, 



n 



X i+1 [n],s+[m]\ = — V ™l\\ - (p/qTK 



n 



0. 



j + 1. 



From these commutation relations we derive the following OPEs (cf. Lemma 



p(z — wp % l 2 x ) 



q[z — wp l ' z q l ) 



\z\ 3> \w\ 
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q(z — wp l / 2 q l ) 



— : ki(z)Sf(w) :, \w\ > \z\, 



A i+1 (z)Sf(w) = q{Z , W P l/2+ 'l^ : A i+1 (z)S?(w) :, 



S+(w)A t+1 (z) 



p{z — wp 1 / 2 ) 
q(z — wp' l / 2+l q~ l ) 



: A t+l (z)S+(w) :, 



and 



p(z — wp 1 / 2 ) 
A j {z)St{w)^.A j {z)St{w):, Vz,w, 



\z\ > \w\, 



\w\ S> \z\, 



+ 1. 

The last formula means that S^(w) commutes with all Fourier coefficients of Aj(z) 
if j ^ i,i + 1. Therefore it is sufficient to consider the OPE between the factor 

: (D p -i - A i (^- 1 ))(D p - 1 - A l+l {zp 1 )) : 

= Dl-! - (Hzp'- 1 ) + K+^zp'- 1 )) D p -i+ : A i (zp i ~ 1 )A i+1 (zp i ) : 

in formula (4.11) and (w). We have to show that all Fourier coefficients of each of 
the terms commute with (w) up to a total difference. 

For the term : A i (zp l ~ 1 )A i+ i(zp t ) : we have according to the OPEs above: 

: Kizp^A^zp*) : S+(w) =: A^p^A^p^+H :, 

which means that all Fourier coefficients of : A i (zp' t ~ 1 )A i+1 (zp l ) : commute with 

Now consider the linear term Ai(zp l l ) + Ai + \(zp l l ). We have according to the 
OPEs above: 

(A,(^- 1 ) + A m (^- 1 ))^H = 



(5-9) J { \.™J»IiL, ■ Mzp^Sfiw) : 



q(z — wp l / 2+1 q r ) 



+ 



q(z — wp % l 2+2 q x ) 
p[z — wp~ l / 2+1 ) 



: A^zp^Stiw) :, 



for \z\ ^> \w\, and the same formula for the product in the opposite order for \w\ ^> \z\. 
Therefore we can compute the commutator 



j (Mzp*- 1 ) + K^izp'- 1 )) z n dz, Stiw) 
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by evaluating the residues in the right hand side of (5.9). We find that this commu- 
tator is equal to 

(p/q-l) [: Mwp^q-^S+iw) : (wp- i/2+1 q~ l ) n+1 

-p~ l q : A i+1 (wp i/2 )S?(w) : (wp~ i/2+1 ) n+1 

= V q [p 1 ' 2 - 1 (1 -q)(p-q): A l (wp z/2 q' 1 )S+ (w) : (wp-^q- 1 )^ 2 
because by formulas (5.6) and (5.8) 

: Hwp^Stiwq) :=p~ l : A l+1 (wp*/ 2 )S? (w) : . 
This completes the proof. □ 

Corollary 1. Any element of the algebra W q , p (sl]s[) commutes with the operators 
J Sf(z)dz acting on the Fock representations, whenever they are well-defined. 

In the limit q — > 1, the operators / Sf(z)dz become the ordinary screening charges 
j e <*±M*)dz, where a± = ±(3 ±1 ' 2 . 

Corollary |] implies that one can construct intertwining operators between the Fock 
representations tt^ of Wq jP (slu), and hence singular vectors, by integrating products 
of the screening currents over suitable cycles. For the ordinary W-algebra of sljv, 
the screening charges satisfy quantum Serre relations, and the integration cycles 
correspond to the singular vectors in the Verma modules over the quantum group 
U q (slN), see |L2], [13], [13], [I8| . We expect an analogous structure for the W q ^{s\.N) 
screening charges. We will return to this question in our next paper. 

The singular vectors in the Fock representations of W^^at) should coincide with 
the Macdonald symmetric functions corresponding to the Young diagrams with N—l 
rectangles, as was pointed out in 0. In the case of st 2 formulas for these singular 
vectors were given in || [7J. 

6. Relations in W g:P (sl N ). 

6.1. Relations between T\(z) and T m (w). Let us again assume that \p\ < 1. 
Introduce the formal power series / m ,jv(^) by the formula 



(6.1) 



fm,N{ x ) 



(x\p 



m - l q,p m q- l ,p N - l ,p N ;p N 



{xlp™- 1 , p m , p N - 1 q,p N q- 1 ;p N ) OD 



The function f m ,N(%) is a very- well-poised basic hypergeo metric series 



695 



x, x x l 2 p N , 



-x 1 / 2 p N , p N ~ m , 
-x x l 2 xp m , 



pq , 

N—l 

xp q, 



q . n 

JV -l i P i x 

xp q 



see formula (2.7.1) of |]15|. 



QUANTUM W-ALGEBRAS AND ELLIPTIC ALGEBRAS 15 

Theorem 2. The formal power series Ti(z) and T m (w) satisfy the following rela- 
tions: 

(6.2) f m>N (^j Ti(z)T m (w) - f mtN (J^j T m (w)Ti(z) 

Proof. Using the OPEs (4.7)-(4.9), we obtain that when \z\ ^> \w\ 

Ai(z) : A n (w)A J2 (wp) . ..K jm {wp m - 1 ) : 

is equal to 

fm,N (™) : A t (z)A n (w)A J2 (wp) . . . A Jm {wp m ' v ) :, 
if i — jk for some k G {1, . . . , m}; and 

if jk < i < jk+i- Here and below the case i < j\ corresponds to k = and the case 
i > jm corresponds to k — m. 

On the other hand, when \w\ ^> \z\, 

■ A h {w)A j2 {wp) . . . Ajjwp™' 1 ) : Ai(z) 

is equal to 

fm,N (£) : A h {w)A h {wp) . ..Ajjwp™- 1 )^) :, 
Hi — jk for some k € {1, . . . , m}; and 

if j k <i< jk+i- 

Since the normally ordered product does not depend on the order of the factors, 
we conclude that the analytic continuations of 



and 



coincide. 



f m ,N (™) K(z):A jl (w)...A jm (wp m - 1 ): 
f m , N ^y.A jl (w)...A jrn (wp m - 1 ):A i (z) 
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Therefore 



Or 



f m>N (™) Ai{z) : A n (w)A h (wp) . ..A Jm {wp m x ) : z n dz 

fm,N [£\ ■ A h {w)A j2 (wp) . ..A ]m (wp m - 1 ) : A i {z)z n dz 



where Cr and C r are circles on the z plane of radii R ^> \w\ and r \w\, respectively, 
is equal to if i = jk for some k G {1, . . . , m}; and the sum of the residues of 

(z — wp k ~ 1 q)(z — wp k q~ l ) \ / \ \ / \ A / 



[z — wp k x ) (z — wp k ) 

if j k <i< jk+i- 

But the latter is equal to (1 — q)(l — p/q)/(l — p) times 

(: A h (w) . ..A^wp^Uwp^Aj^wp*) . ..Aj m {wp m ~ x ) : w ^p^W-V 

- : A n (w) . . . A jfe (V- 1 )Ai(V)A, fc+1 (V) • • • A^^p" 1 " 1 ) : W « +1 p ( " +1 ) fc ) . 

After summation over ji < j% < ■ ■ ■ < j m , all of these terms will cancel out except 
for 

(l-?)(l-p/g) 



1 — p 
with z < ji; and 



T g)(l p/q) A A ^ m _iw / n+i+i ( n 4.i) m 



: A,» . . . A^p—^A^p™) : W " + '+V 



1 — p 

with i > j m . This gives us formula (6.2). □ 

In the limit p —>■ q formula (6.2) gives the Poisson bracket between t\{z) and t m (w) 
from 0, see Sect. §. 

Formula (6.2) shows that the Fourier coefficients Ti[n] of the power series Ti(z) 
generate the algebra W 9)P (sIjv). In particular, T»(z) can be written as a degree i 
expression in Ti[n],n G Z. 

One can also derive similar relations between Tj(z) and Tj(w) with z, j > 1. These 
relations are quadratic, and involve products of Tj_ r (z) and Tj +r (w), where r = 
1, . . . , % — 1, if % < j. In the limit p — > g they give the Poisson brackets between U(z) 
and tj(iu) from |TJ, see Sect. 0. 

Let us define analogues of the Verma modules over the algebra Wq )P (.5ljv); in the 
case of SI2 this has been done in ||. 

Although the Oth Fourier coefficients Tj[0] of the series 7$ (2) do not commute with 
each other, they commute modulo the ideal generated by Tjn], i = 1, . . . , AT — 1; n > 
0. We can therefore define a Verma module M 7li j7JV1 as a W^sl^-module 
generated by a vector ■w 7li ... i7jv _ 1 , such that Tj[n]t> 7lv .. i7iV _ 1 = 0, if n > 0, and 
71,... ,7jv-i ~~ 7» u 7i>— >7jv-i- The relations in W giP (s[Ar) imply that the module 
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-^71,... ,7jv_i has a PBW basis which consists of lexicographically ordered monomials 
in Ti[n],n < 0, applied to the highest weight vector t> 7li ... i7Ar _ 1 . 

6.2. Relations in Wg^sfe)- In this case the relations are: 

(6.3) A, 2 Q T^T^w) - f lt2 (£) TxHT!^) 

= (1 - q)(l-p/q) ( s (^ \ _ 5 f^P 
1 — p \ \zp J \ z 

These relations are equivalent to the relations of Shiraishi, e.a. || given by formula 
(3.3), because their f(x) coincides with fi^fa) given by (6.1). Formula (6.1) can be 
simplified in this case: 

1 - x {x\pq,p 2 q- 1 ;p 2 ) 00 ' 

6.3. Relations in Wq lP (sls). In this case we have: 

(x|9,pg _1 ,p 2 ,p 3 ;p 3 )oo 



(x\l,p,p 2 q,p 3 q 1 ;p 3 
(x\pq,p 2 q~ 1 ,p 3 ;p 3 ^ 



(x\p,p 2 q,p 3 q l \p 

The relations are the following: 

A, 3 (j) T x {z)T x (w) - / li3 (£) T 1 {w)T 1 (z) 



oo 
oo 



1 — p I \ z 



/ 2 ,3 ('- ) 7i(z)T 2 H - / 2j3 ( - ) TaHT^z) 



(1 - q)(l-p/q) ( (w \ _ ( wjp 
1-p \ \zp) I z 



/i, 3 ( - ) T 2 (z)T 2 (w) - / li3 ( - ) T 2 HT 2 (z) 



1 — p \ \zp J \ z 

In the limit p —> q they become the relations in W^sLj) described in 



18 boris feigin and edward frenkel 

7. Relations in elliptic form. 
We recall that q and p are assumed to be generic with \p\ < 1. 
7.1. The case of st 2 . Consider the OPE given by formula (4.7): 

(7.1) A(z)A(w) = f^^y 1 : A(*)A(«;) :, 

where 

( W \ -1 2 < 

, w \ \ —\Q,PQ ,P iV 

/l,2 — 



W 

-\l,pq,p 2 q~ 1 ;p 2 

Formula (7.1) is valid for \z\ ^> \w\ (see Lemma H) and it shows that the composition 
A(z)A(w) can be analytically continued to a meromorphic operator-valued function 
on C x C, given by the right hand side of the formula. 

Likewise, the composition A(w)A(z) converges when \w\ ^> \z\, and we have: 

(7.2) A(w)A(z) = f 1>2 : A(w)A(z) : . 

Since : A(z)A(w) :=: A(w)A(z) :, by definition of the normal ordering, we obtain 
from formulas (7.1) and (7.2) the following relation on the analytic continuations: 

(7.3) A(z)A(w) = <p (™) A(w)A(z), 

fi,2( x ~ r ) _ d I ^{x)9 p 2(xpq)9 p 2(xp 2 q- 1 ) 



where 

(7.4) <p{x 



fi, 2 (x) 9 p 2(xq)9 p 2(xpq l )9 p 2(xp 



2^ 



and 



9 a ( X ) = n (i - xa n ) n (i - z-v) n (i 

n=0 n=l n=l 



We can also write: 



(f{x) 



9p2(xp)9p2(xq ^^(xp 1 q) 



8 p 2(xp~ 1 )6 p 2(xq)6p2(xpq x ) 
Formula (7.3) can be rewritten in a more symmetric form: 

(7.5) 7 (j) A(*)A(u;) = 7 (^) A(w)A(z), 



in the sense of analytic continuation, where 
(7.6) j(x) 



9p2(x)9p2{xq) 



9p2(xp)9 p 2(xp~ 1 q) 
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Note that ip(x) = j(x) = 1 if p = 1 or if p = q. 

Remark 5. Formula (7.5) should be compared with the property of locality in vertex 
operator algebras |L6], [17j (see also flSfl ). Recall that two power series A(z) and 
B(w) are called local if A(z)B(w) converges for \z\ 3> |u>|, B(w)A(z) converges for 
\w\ ^> \z\, and their analytic continuations satisfy: A(z)B(w) = B(w)A(z). □ 
The function ip(x) is an elliptic function, i.e. 

(7.7) ^{xp 2 ) = <p(x), 
and it satisfies the functional equation 

(7.8) ip(x)ip(xp) = 1. 

The equations (7.7), (7.8) provide a new understanding for the algebra Wq iP (s[ 2 )- 
Let us explain that. 

According to (7.1) the series A(z) satisfies the relations: 

(7.9) / 1|2 (™) A(z)A(w) = fa (£} A(w)A(z). 

There is a difference between relations (7.3) and (7.9). The first is a relation on 
analytic continuations of the compositions of two operators, while the second is a 
relation on formal power series. A relation of the second type implies a relation 
of the first type - it can be obtained by multiplying it by a suitable meromorphic 
function. But different relations of the second type may give rise to the same relation 
of the first type as we will see below. 

Remark 6. Similar phenomenon occurs in vertex operator algebras. Consider for 
example the Heisenberg algebra with generators /3 n ,7 n ,n e Z, and relations 

where k G C. These relations imply the following formal power series relations: 



(3(z)^(w) — r y(w)(3(z) = k5 
But we can also write 

(z — w)f3(z)^{w) — (z — w)y(w)(3(z) 

regardless of the value of k. □ 

In order to get a relation of the second type from the relation (7.3) of the first type, 
we have to "factorize" the function ip(x), i.e. to represent it as <f(x) = g(x^ 1 )/g(x), 
where g(x) is a formal Taylor power series in x. Then we obtain a relation of the 
second type 

'w s 
~z) 



9 



-) A(*)A(u;) = g (£) A(«;)A(; 
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as in (7.9). 

Such a factorization of ip(x) is not unique in general. In our case we can choose 
g(x) = f lpix), but we can also choose g(x) = fi^ixp^ 1 )^ 1 or g(x) = fi,2(xp)~ x , by 
virtue of the equations (7.7) and (7.8). 

Let Ai(z) and A 2 (z) satisfy the relations 



(7.10) 




/l, 2 ( 


(7.11) 


fl,2 


/ W 

\zp 


(7.12) 


fl,2 


^wp 



A 1 (z)A 2 (w)=f 1 , 2 (^) 1 A 2 (w)A 1 (z), 



-1 



z 



-1 



A 2 (z)Ai(iu) = /i >2 — A 1 (w)A 2 (z). 
\wp 



Then 



(7.13) Ai(z)Aj(w) = <p (™) A j (w)A i (z) 

for all G {1,2}, i.e. elliptic relations (7.13) do not depend on i and j while the 
formal power series relations (7.10)-(7.12) do. 

In fact, the relations (7.13) allow for even more sophisticated formal power series 
relations. Let us set Ti(z) = Ai(z) +A 2 (z). Then according to (7.13), T\(z) satisfies 
the same elliptic relations as Ai(z): 



T 1 (z)T 1 (w) = <p(^)T 1 (w)T 1 (z). 



But when we write the relations between Ti(z) and Ti(w) as formal power series, we 
obtain extra terms with 5-functions: 

(7.14) / w (™) Tdzmw) - /,, 2 (i) Ti(w)Ti(z) 

= (!-,)(!-,/,) J, ; Ai(2)A2(2p) ; ^ ; Ai(w)A2(roj)) ; j 

The reason is that the functions appearing in factorization of y?(x) differ by certain 
rational multiples: 

These multiples give rise to the 5-function terms in the right hand side of formula 
(7.14). 
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But we see from formula (7.8) that : Ai(z)A 2 (zp) : is a central element in the 
algebra generated by A±(z) and A 2 (z). Hence we may set it equal to any number. 
If we set it equal 1, then we obtain relations (6.3), but we can put an arbitrary 
overall factor in the right hand side of formula (6.3). In particular, if this factor is 0, 
we obtain the original defining relations (7.9) of the Heisenberg algebra. Hence the 
algebra V%, p (s( 2 ) is a central extension of the Heisenberg algebra 7i 9 , p (s[ 2 ). 

The function given by (7.4) is the simplest solution of equations (7.7) and (7.8). It 
is interesting whether other solutions of these equations give rise to quadratic algebras 
similar to W^p^sfe)- 

7.2. The case of sIn- From formulas (4.7)-(4.9) we find in the same way as in the 
case of 5( 2 : 

(7.15) A l (z)A J (w) = ip N Q A j (w)A i (z), 
for all where 

9 p N(x)9 p N(xp)9pN( y xp N ~ 1 q)9pN(xp N q~ 1 ) 9 p N(xp)9 p N(xq~ 1 )9 p N(xp~ 1 q) 
^ N 9 p n (xq)9 p N (xpq~ 1 )9 p N (xp N ^ 1 )9 p n (xp N ) 9 p n (xp~ 1 )9 p N (xq)9 p N (xpq~ r ) 

It is the last equality that ensures that the elliptic relations between Aj(z) and Aj(w) 
are the same for % — j and % ^ j, although the "factorized" relations between them 
are different, see formulas (4.7)-(4.9). 

Relations (7.15) can be rewritten in a more symmetric form: 

(7.16) lN Q Ai(z)Aj(w) = 7 jv (£) Aj(w)Ai(z), 
where 

^ = 9 p N(x)9 pN (xq) 

9 p N(xp)9 p N(xp~ 1 q) 

Since relations (7.15) do not depend on % and j, we obtain similar elliptic relations 
between for Tj(z), % = 1, . . . ,N — 1: 



T.mtw) = n i- P i - k ) ^ht,^. 
k=n=i 



But the formal power series relations between T^z) and Tj(w) involve extra terms 
with ^-functions as in the case of s[ 2 , see formula (6.2). 

The function (Pn(x) is elliptic, i.e. ip N (xp N ) = ip N (x), and it satisfies the functional 
equation 

(7.17) ip N (x)ip N (xp) . . . ip N (xp N ~ 1 ) = 1. 

Equation (7.17) implies that : Ai(z)A 2 (zp) . . . Ajv^p^ 1 ) : is a central element of 
T~Cq, P (slN)- Formula (4.3) shows that we have set it equal to 1, but we could set it 
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equal to any number. If we do not set it equal to a number, we obtain another 
algebra, which is natural to denote by W ?)P (0[jv)- 

We see that in a certain sense the structure of the algebra Wq lP (slN) is "encoded" 
in equation (7.17), as in the case of s^- 

8. Elliptic relations for the screening currents. 

8.1. The screening currents of W^sljv). Let us we assume that p and q are 
generic and \q\ < 1. Then we have the following relations for the screening currents 
when \z\ ^> \w\: 

S?(z)S?(w) = ** ,{ zll ' P ' Q \ ■■ S?(z)S?(w) :, 
-\q,p- x q;q 

p -y\ q 



z 
w 

-p V : 



Sf(z)Sf(w) = z-f+fc ^ : Sf(z)Sf(w) :, M 3 = -1, 

— \p 1/2 ;q) 

St(z)S+(w) =: Sf(z)Sf(w) :, A, = 0. 

Remark 7. If we set p = q 1-13 , then in the limit q — * 1 these relations give us the 
well-known relations on the ordinary screening currents: 

S?(z)S+(w) = {z- w) A ^ : S?(z)S+(w) : 

when \z\ ^> \w\. □ 

From the formulas above we obtain, in the analytic continuation sense, 

1-2/3 q l—p 



/ ln \ l-zp w q \ f I 

S?(z)S?(w) = - -) -AjJ S t(w)St(z), 



s+Ms+m = i-j -Y lsf(w)st(z), a,, = -i, 

S?(z)S+(w) = Sf(w)S?(z), Av = 0. 



We can rewrite these formulas as follows: 

'w 



/ v; \A ij -A ij l3-l @q ( —P / ' 

(8.1) S?(z)S+(w) = (-l)^" 1 - ~Y Z (-S+(w)St(z). 



9„ —p A ij/ 2 
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The function 

6 a (xp A 'j /2 

5.2) Vii(z) = (-1)^-1^-^/3-1 V 



9 q (x^p^/ 2 ^ 

appearing in the right hand side of formula (8.1) can be written as 
(8.3) ifa(x) = ■ MX) 



ij( X 



where 

(8.4) fa^x) = x~^ /2 



9 q (xp Ai i /2 ) 



The functions ipij(x) and <frij(x) are quasi-periodic: 

= VVj(*)> ^;(ze 27ri ) = e-^-V^^), 
0y M = </»ij (a:) , <fe (xe 2ni ) = e~ mA ^4> ld (x) . 
Note also that ipij(x) = 4>ij( x ) = 1, if p = q- 

To obtain relations on the screening currents S~(z),i = 1, . . . , N — 1, let us assume 
that p and q are generic and \p/q\ < 1. Then we obtain in the same way as above: 

a 1 /«A^-^//3-i 6 p/<i (-p At3/2 ) 
(8.5) Sr( z )S-(w) = (-l) A ^ - ^| ($>)<?:-(*). 



e p/q ( V./ 2 ) 



We also have: 



(z - wq)(z - wp- x q) 
St{z)Sj{w) = {z- wp-^q) : S?(z)Sr(w) :, ^ = -1, 
S+(z)S+(w) =: St(z)Sr(w) :, Aij = 0. 

8.2. The screening currents of U q (slN). The screening currents involved in the 
Wakimoto realization of U q (slN) @ also satisfy elliptic relations. 

These screening currents S{(z), i — 1, . . . , N — 1, are given in [0 by the formula 

Si(z) =: exp ( £ j^q-^z-" - -q 4 ~ -&\ogz \ : §,(0). 

\ n /oH« 1/1/ y 

The following relations hold 0: 

K, <] = -[HJAj] q Sn,-m, [P\ q 1 } = vAij, 



24 



BORIS FEIGIN AND EDWARD FRENKEL 



Si(z)Sj(w) = Z . Sj(w)Si(z), 

z — wq A v 

in the sense of analytic continuation, and a l n commute with Sj(z). Here v is k + g in 
the notation of ||. 

Let us assume that q is generic and \q 2l/ \ < 1. Then the relations above give us the 
following relations on Sj(z)'s: 

(8.6) S t (z)S,(w) = - (-) -A| 

where i = g 2 ^. These relations should be understood in the analytic continuation 
sense. 

The relations (8.1) can be viewed as elliptic deformations of the quantum Serre 



relations of Drinfeld fill 



4 ■ ■ 

ZQ 3 — W 

E^Ejiw) = -1 -r-Ej^Eiiz), 

z — wq Ai i 

which can be easily obtained from (8.6) in the limit t — > with fixed q. 
The function 

. , „ 9t (xq~ Ai: >) 
n ' 9 t {x- 1 q- A a) 
in the right hand side of formula (8.6) can be rewritten as 

where 



' e t (x) 



The functions *&ij(x) and $y(x) are quasi-periodic, and *&ij(x) = $ij(x) = 1 in the 
limit when q — > 1 and t is fixed. 

8.3. General case. Let g be a simply-laced simple Lie algebra. Let 7i' qp {o) be the 
Heisenberg algebra with generators ai[n], % = 1, . . . , I = rankg; iifZ, and relations 
(4.1), where (Ay) is the Cartan matrix of g. We define the Fock representations 7r M 
and the completion H g ,p(g) of Tl qtP (g) in the same way as in Sect. [|7 



We define the screening currents Sf(z),i = 1, ...,/, by formulas (5.1)-(5.4). We 
then define the algebra W 9)P (g) as the subalgebra of TCq )P (o) of elements which com- 
mute with the screening currents Sf(w) up to a total Dg-difference. It follows from 
the definition that Wq tP (g) commutes with Sf(w) up to a total Dp/g-difference. 
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The relations between Sf{z) ) i = 1, ...,/, in the analytic continuation sense, are 
given by formula (8.1). The relations between Sf(z),i — 1,... ,1, in the analytic 
continuation sense, are given by formula (8.5). Note that formulas (8.1)-(8.5) make 
sense for an arbitrary integral symmetric matrix (Aij). 

If we set p = q 1 '^, then in the limit q — > 1 the algebra W 9)P (g) becomes the 
ordinary W-algebra, W^/^(g) in the notation of fll8l . On the other hand, we expect 

that in the limit (3 — > 0, i.e. p — > q, the algebra W giP (g) becomes isomorphic to the 
Poisson algebra W g (g) considered in [p]]. 
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